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Abstract 

We show that the SL(2,R) duality symmetry of type IIB superstring theory can 
be formulated as the canonical transformation interchanging momenta and magnetic 
degrees of freedom associated to the abelian world-volume gauge field of the D-3-brane. 
D-strings are shown to be connected under the corresponding transformation in the 
world-sheet to the (m, n) family of string solutions of type IIB supergravity constructed 
by Schwarz. For the type IIA superstring the D-2-brane is mapped under the three- 
dimensional world-volume electric-magnetic duality to the dimensional reduction of the 
membrane of M-theory. 
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1 Introduction 


Recent results in the literature show certain equivalences between effective actions of p-branes 
of the same or different string (or M-) theories. For D-branes a relation between the D- 
string and the SL(2,Z) multiplet of string solutions of type IIB supergravity 0 has been 
proved BI.0. as well as the self-duality of the D-3-brane under SL(2,Z) transformations 
of the space-time backgrounds ii0- In both cases the equivalence goes through under 
certain transformations in the world-sheet of the D-string or the four-dimensional world- 
volume of the D-3-brane0. In the general world-volume transformation of which the 
above are particular cases was identihed and referred to as vector duality. This vector duality 
symmetry was interpreted as the world-volume transformation responsible for the strong- 
weak coupling duality of type IIB I, I, i 0], in analogy with the world-sheet mapping 
d ^ *d underlying T-duality transformations of the space-time background helds 0- 

For the type IIA superstring vector duality is also interesting. The p-branes of type IIA 
supergravity have an alternative interpretation in eleven dimensions which can be used to 
deduce its D = 10 Lorentz covariant world-volume action 


12, 13, 14 


In the last of the 

previous references this was done for the D-membrane and for the D-4-brane (in this case 
up to quadratic order in the gauge held strength) using the fact that the former can be 
interpreted as the dimensional reduction of the eleven dimensional membrane |l^ and the 
latter as the double dimensional reduction of the eleven dimensional 5-brane Eg. For the 
membrane in order to prove the complete equivalence between the dimensionally reduced 
theory and the DBI action a non-trivial transformation involving the abelian world-volume 
gauge held of the D-brane was shown to be required p, Tseytlin pointed out that this 
transformation was just the vector duality symmetry in the three dimensional world-volume 
P]. This observation is in agreement with the conjecture that M-theory compactihed on 
a circle is the strong coupling limit of type IIA This is the reason why a strong- 

weak coupling duality transformation is needed to connect the type IIA D-2-brane with the 
membrane of M-theory. 

In this letter we show that vector duality can be realized in the phase space of D-branes 
as the canonical transformation interchanging the momenta and the magnetic degrees of 
freedom associated to the abelian world-volume gauge held, i.e. the same transformation 
responsible for the SL(2,Z) symmetry of electromagnetism^ In d dimensions this transfor¬ 
mation maps r-forms onto {d — r — 2)-forms. 

We start in section 2 considering the D-3-brane of type IIB. In the four-dimensional 
world-volume the dual of the abelian gauge held is also a 1-form, and we in fact show that 
under the four-dimensional world-volume canonical transformation a D-3-brane is obtained 
in SL(2,R)-transformed backgrounds. The SL(2,R) self-duality of the D-3-brane has been 
shown previously in p, p. This was an expected result 0 due to the non-existence of 
multiplets of 3-brane solutions in type IIB [0 nor bound states of D-3-branes [IT^- For 


the D-string, considered in section 3, n D-strings are shown to be equivalent under the two- 
dimensional canonical transformation to the (m, n) family of string solutions constructed by 
Schwarz in [0], supporting the SL(2,Z) symmetry of type IIB. In this case the dual variables 


^In 1^ it was shown at the level of the equations of motion. 

^ SL(2,Z) transformations in non-linear electrodynamics and in particular of four-dimensional DBI actions 
have been studied in 0 - 
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are scalars satisfying a quantization condition, being this the origin of the m appearing in 
the dual theory. The SL(2,Z) multiplet of string solutions, corresponding to bound states of 
elementary and D-strings [0, are then shown to be connected by electric-magnetic world- 
sheet duality to D-strings. 

In section 4 we consider the D-membrane of type IIA. The result of the canonical trans¬ 
formation is in this case an eleven dimensional action, where the eleventh coordinate has 
arised as the dual of the abelian gauge held in the three-dimensional world-volume. This 
eleven dimensional action is interpreted as the dimensional reduction of the membrane of 
M-theory [0, g §. 

The eleven dimensional 5-brane gives upon double dimensional reduction the D-4-brane 
of type IIA [M, As indicated in the last of these references the equivalence between 


the bosonic parts of the actions follows after a vector duality transformation is performed 
in the dimensionally reduced action. In our description this transformation is formulated 
as the hve-dimensional world-volume canonical transformation interchanging momenta and 
magnetic variables. Details on this construction will be presented elsewhere. 

Before considering DBI actions let us recall briehy how S-duality in Maxwell’s theory is 
formulated as a canonical transformation We start by considering the electromagnetic 
Lagrangian with ^-term: 


pmn.^mnpqp jp \ 

Stt Att 

^ ^(-E-^ + B^) + ^E.B ( 1 . 1 ) 

where Ea = Fq^, and we are taking a Minkowskian space-time. The 

canonical momenta are given by: 


Iln — 0 


= — -Er, 


47r2^“’ 


and the Hamiltonian: 

H = 


Tff + 0n,B + (|A + + n‘‘5„A„. 


( 1 . 2 ) 


(1. 3) 


The primary constraint Hq = 0 implies the secondary constraint = 0, therefore the 

term H^cIoAo can be dropped out of the Hamiltonian but keeping in mind that we are 
working in the restricted phase space dehned by the two constraints. 

It is easy to see that the canonical transformation: 


H" 

H" 


- 

27r 

— 

27r ’ 


(1. 4) 


where F = dA, i.e. the interchange between electric and magnetic degrees of freedom^, yields 
the S-dual Hamiltonian with r = — l/r and r = 6/2n + Ani/g"^. 

"^Note that in the definition of 11“ there is also a contribution from B°‘ when 0^0 
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The generating functional is given by: 


G = [ dAAdA = [ d?x{A^B^ + 

ZTT J DA/dDi=M 3 47r J M 3 


(1. 5) 


where D 4 is the four-dimensional manifold whose boundary is the three-dimensional spatial 
submanifold M 3 . In order to show the complete equivalence between the initial and dual 
Hamiltonians we have to prove that they are defined in the same restricted phase spaces. This 
is easily seen by noting that the Bianchi identity component da *F^°‘ = 0 of the initial theory 
implies in the dual daJF" = 0, and Hq = 0 comes directly from the generating functional 
above since it has no Aq dependence. The secondary constraint c?Q,n“ = 0 of the original 
theory implies in the dual the Bianchi identity component da = 0. 

This same idea can be straightforwardly generalized to abelian gauge theories of r-forms 
in d dimension^: 

5 = 

The dual theory^: 

S = J d^^x^F A *F (1. 7) 


d‘^x—-F A *F. 
2a^ 


( 1 . 6 ) 


with F = dA and A a. {d — r — 2 )-form, is obtained as the result of the transformation: 

SG 


H" 




_ _ ^ Jp0Oil...(Ar 


Qfl ...CKr 




6G 


5A, 


= (-l) 


dr+d+r—l * 


pOa\. 


■ 0 !d-r -2 


( 1 . 8 ) 


Ol...ad_r-2 


with generating functional: 


G = - [ d’^xdA A dA. 

JDa/dDa=Ma-i 


(1. 9) 


Now the restricted phase space is defined by: H"! 


... 0.. •Q!/’ 


= 0 , 




= 0. The Bianchi 


identity component dai = 0 of the initial theory implies - _ 

0 in the dual, and •"‘*-’'-2 = 0 holds immediately from the generating functional. 

Therefore the original and dual Hamiltonians are dehned in the same restricted phase spaces. 

The generating functionals (|1. 5|) and (|1. 9|) are linear in the original and dual variables. 
Hence we can follow and write a relation between the Hilbert spaces of the original and 
dual theories!]: 

MA] = N{k) [ (1- 10) 


Here V’fc and (pk are eigenfunctions of the respective Hamiltonians with the same eigenvalue, 
labelled by k, and N{k) is a normalization factor. From this relation it is possible to derive 

^Our conventions are: - p q = 

In the particular case d = 2{r + 1), r odd, a 0-terni can also be introduced in the Lagrangian. 

®Now and in the following sections we choose the normalization of the canonical transformation such that 
in the dual g = 1/g. 

^Although still renormalization effects need to be considered. 
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global properties in the dual theory. For instance it is easy to see that if the original 
theory satihes a Dirac quantization condition the same holds true for the dual theory. The 
equivalence between the original and the dual partition functions also holds trivially in phase 
space. 

In the next sections we will show that starting with D-brane effective actions we can 
prove the dualities mentioned in the introduction as results of the same type of canonical 
t r ansfor mat ions. 


2 The D-3-brane of type IIB 

The effective action of a D-p-brane in RR background helds contains the usual DBI part|^ 

Sp = J sj-det{Gmn + ^mn), (2. 1) 

where the backgrounds are those induced in the D-brane from ten dimensions, T = B + F 
with F = dA and B the NS-NS two-form; plus a WZ term ^ Q: 

Swz = J (2. 2) 

r=0 

where denote the fermionic zero modes and C(r)(do) = the in¬ 

duced rank r RR background helds. We will focus on the bosonic part of the actions, assum¬ 
ing that the fermionic part will be hxed by supersymmetry and fermionic kappa symmetry 

The effective action of the D-3-brane in presence of RR background helds is then given 
by: 


Ss = f d^xle-^^-det(G^n + B„,n) + + 2G^^Fpg + GF^^Fp,)]. (2. 3) 

Introducing the dilaton inside the square root and working with the canonical metric gmn = 
e-‘^^^Gmn we can write: 

e-V-det(G'^. += ^J-detg^l + ^e-<f>F^ + (2. 4) 

where F^ = FmnF™'^ and F^ = FmnF'^'^FpqF^"^. Restricting for simplicity to a Minkowskian 
canonical metric g^nn = Vmn and introducing electric and magnetic variables: = Foa, 

= 2F^FFp^^ where the letters T, B are used to recall their dependence on the NS-NS 
two-form, we can write: 

Ss = J d^x[\/l- + e-m - e-20(T.B)2 + dB + D.T + C'T.B + ^e™C'™„p,], (2. 5) 

®We are taking a Minkowskian signature space-time. 


4 

















The Am-conjugate momenta are given 


where we have defined = C^a and D'^ = * 
by: 


Ho — 0 

n„ = - 


'1 - e-^£^ + e-m - e-^^{£.By 

and the Hamiltonian: 


:(T„ + e-^{S.B)B^) + D^ + CB^^, (2. 6) 


Hs = -^1 + e-^B^ + e^{U -{3 + CB)y + - {D + CB)y - (H(n - {D + CB))Y 

-CB - (2. 7) 

The same canonical transformation responsible for S-duality in electromagnetisin|^: 

Hq, = —Ba 

fla = ( 2 . 8 ) 


(in the four-dimensional world-volume the dual theory is also defined in terms of 1-forms 
A) can be shown to yield the effective action of a D-3-brane|^ in the SL(2,R) transformed 
backgrounds: 


= 


e“7 ’ 


C = 


Ce^ 


e“7 ’ 


(2. 9) 


or, equivalently: 


and 


A 



X = C + ie-^, 


Bmn C'mri') Cmn 


mnpq Cmnpq' 


( 2 . 10 ) 
( 2 . 11 ) 


This transformation together with the invariance of the action under constant shifts of the 
RR scalar field generates the whole SL(2,R) invariance, which is broken to SL(2,Z) due to 
quantum effects. The same calculation for an arbitrary metric g^n yields gmn = dmn, as gmn 
is the canonical metric. 

Substituting in (|2. 8| ) the expressions for the canonical momenta the non-local change 
of variables in configuration space responsible for SL(2,R) transformations is obtained. This 
change of variables is the one induced by the Fourier transformation of ( |2. 3|) with respect 
to the field strength of the abelian world-volume gauge field . Due to the complicated and 
non-linear expressions for the momenta this cannot be interpreted as a simple generalization 
oi d ^ *d (or the interchange between electric and magnetic degrees of freedom). However 
in phase space the transformation is very simple being just the definition of S-duality in a 
four dimensional abelian gauge theory. 

We have shown that the D-3-brane is self-dual under SL(2,R) transformations, with 
self-duality meaning that the dual is also a D-3-brane, although defined in the SL(2,R) 

®Now we have chosen different normalizations. 

^°With the same remarks concerning the constraints. 
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transformed backgrounds. In our formalism it is clear that the reason for this is the general 
Af. Afi-r -2 electric-magnetic duality, that particularized to d = 4 and r = 1 yields also a 
dual 1-form, and it is consistent with the non-existence of multiplets of 3-brane solutions in 
type IIB supergravity . 


As was mentioned by Tseytlin this transformation in the world-volume of the D-brane 
can be interpreted as the world-volume mapping responsible for SL(2,R) transformations of 
the space-time backgrounds, in analogy with the d —> *d world-sheet mapping underlying 
the T-duality transformation R ^ 1/R in space-time. In our construction this symmetry 
is understood as the same type of canonical transformation responsible for S-duality in 
abelian gauge theories. Therefore SL(2,Z) can be viewed as a subgroup of the whole group of 
simplectic diffeomorphisms on the world-volume of the 3-brane. Also, we can implement this 
transformation in the path integral since both the action and the measure remain invariant 
in phase space. This generalizes previous results in the literature P, ^ , where a saddle point 
approximation had to be made. 

Finally let us mention that four-dimensional BI actions coupled to an SL(2,R) invariant 
four-dimensional bulk were considered in in relation to the S-duality of the heterotic 
string in four dimensions p3. In our case the D-3-brane is coupled to a ten dimensional 


SL(2,R) invariant bulk and the S-duality under consideration is the one of the ten 
dimensional type IIB superstring. 


3 (m, n) strings in type IIB 

The same type of analysis above can be made for the D-string. In this case we hnd a 
correspondence with the (m, n) string solutions of type IIB supergravity constructed by 
Schwarz in p|. 

We just need to recall the results stated in the introduction about electric-magnetic 
duality in d dimensional abelian gauge theories of arbitrary r-forms. Our starting point is 
the action describing the bound state of n D-strings[3 

= y d‘^xn[e '^\J—dei{Gmn + mn) + + CRmn)]- (3. 1) 

In a two-dimensional world-volume there are only electric degrees of freedom. Redehning 
dmn = and taking gmn = Vmn for simplicity we can write: 

Si = J d^xn[ijl - e-2<AT2 + c'oi + GSi]. (3. 2) 

The canonical momenta are given by: 

Bo = 0 

Bi =- , £i + nG (3. 3) 

^^Since n parallel D-p-branes are described by a U{1R gauge theory in the {p -I- l)-dimensional world- 
volume we effectively get a factor of n in front of the one D-string action. 
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and the Hamiltonian: 

H, = _^n2 + - nCf - HiHoi - nCoi + ni^iHo. (3. 4) 

The canonical transformation responsible for electric-magnetic dnality is in this case: 

ni = _ = -gOiA 

n = (3. 5) 


with generating fnnctional: 


Gi = -idxc°“A„A. 


(3. 6) 


Since we only have electric degrees of freedom the two transformations in ( p. 5|) cannot be 
independent. One checks easily that the hrst one is enongh to obtain the dnal theory and 
the second gives the corresponding eqnation of motion. The secondary constraint c^iH^ = 0, 
associated to Hq = 0, implies that A mnst be a fnnction of time, and moreover from (0 
pTf) (note that Gi is linear in the original and dnal variables) we obtain that A mnst be an 
integer dne to Dirac qnantization condition in the original theory. Setting A = —m we hnd 
a dnal action: 


Si= d^x[Jn‘^ + e^<t^{nC - m)^ -e"^'^{nCmn + mBmn)]- 


(3. 7) 


For arbitrary metric the resnlt is: 


Si = d x[we“2</>n2 + [nC - myJ-detGmn + + mB, 


(3. 8) 


i.e. the Nambn-Goto action of a fnndamental string with tension T = ^Je + {nG — m)^ 
and charges {m,n) with respect to the NS-NS and RR 2-forms. The existence of this string 
mnltiplet is reqnired by the SL(2,Z) symmetry of type IIB, since it is obtained from the 
elementary type IIB snperstring (the (1,0) string in this notation): 

^( 1 , 0 ) = / d^x[^-detGmn + (3. 9) 

after an SL(2,Z) transformation of parameters 


A = , pm + an = 1. 

y —n m J 

This mnltiplet was hrst constrncted by Schwarz in as a set of solntions of type IIB 
snpergravity. There the argnment requiring that m, n were integers and relatively prime 
was Dirac qnantization condition pins stability since if this was not the case a given (m, n) 
string wonld be at the threshold of decaying into p (y,^) strings, with p the maximnm 
common divisor of m and n. In Witten showed that these string solntions correspond 
to bonnd states of m fnndamental strings and n D-strings. From the world-volnme point of 
view its existence can be proved starting from n D-strings, as shown here and, previonsly, 
in p, ^ We have seen that the transformation that is reqnired is the corresponding 
electric-magnetic dnality in a two-dimensional world-volnme, which we have formulated as 
a canonical transformation. The equivalence between the partition functions also holds 
straightforwardly in our formalism. 
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4 The D-membrane of type IIA 


Since SL(2,R) is not a symmetry of type IIA supergravity we don’t expect any relation 
between the D-membrane of type IIA and other objects in the same theory, under the 
three-dimensional world-volume transformation. Instead we expect some conexion with M- 
theory (compactihed on a circle) since it is conjectured to be the strong coupling limit of 
ten dimensional type IIA. As we mentioned in the introduction it is in fact known that the 
vector dual of the D-membrane is the dimensional reduction of the membrane of M-theory 
P, Q. Here we show that this duality can also be formulated as a canonical transformation 
in the three-dimensional world-volume. 

We start by considering the effective action of the D-membrane: 

S2 = J d^x[e —det{Gmn + mn) + np)]- (4. 1) 

Redehning g^n = and chosing g^^ to be Minkowski for simplicity we can write 

in electric and magnetic variables (our conventions are: = JFqo, B = Tafi)'- 

82 = J + + CoB + D.£] (4. 2) 

where D°‘ = *C^°‘ = e^°‘^Cg. The canonical momenta are given by: 


n 

n 


0 — 


a 


0 

_ 

^l_e-4<^/3£2 + e-40/3^2 


+ Dc 


(4. 3) 


and the Hamiltonian: 

H2 = -v^l + e4<^/3(n - DY + + B^TL - 

(4. 4) 

The canonical transformation: 

n“ = - *F 0 “ = 

H = R (4. 5) 


with generating functional: 

G 2 = - [ d^xe^^f^A^dgA, (4. 6) 

JM 2 

yields the following dual action (for arbitrary metric): 


82 = J d^Xy-det{e-^^AGmn + + Gm){dnA + Gr,)) + -e^^P{G^np - ^dmAB^p)]. 

(4. 7) 

This is the Nambu-Goto action of the dimensionally reduced eleven dimensional supermem¬ 
brane [|T^, with: 


G™ = + e*^/='(3„A + C„)(S„A + G„) 

BS = GW - 3a„AB„. (4. 8) 











In [113 the conexion between the D-membrane and the dimensionally reduced eleven 


dimensional supermembrane was pointed out, and further developed in P, H, where it was 
shown that a given world-volume transformation on the D-membrane was required. Here we 
have seen that it is just the strong-weak coupling transformation (dehned in phase space), 
needed to connect ten dimensional type IIA with M-theory. 


5 Conclusions 


To summarize, we have seen that certain S-dualities between D-branes and p-branes of 
some string (or M-) theories can be formulated as canonical transformations in the phase 
space dehned by the abelian world-volume gauge held of the D-brane and its conjugate 
momentuml^. This generalizes previous results in the literature iliBi where a saddle 
point approximation is required in order to prove the equivalence with the corresponding dual 
theory. In our description the equivalence holds straightforwardly at a quantum mechanical 
level[^. 

The canonical transformation description provides a unihed picture in which duality 
symmetries in string theories can be formulated. The same kind of transformation responsible 
for S-duality in abelian gauge theories is responsible for S-duality in the world-volume of D- 
branes. This transformation is just the interchange between momenta and magnetic degrees 
of freedom. For abelian gauge theories it reduces to electric-magnetic exchange whereas for 
the D-branes it is quite more complicated due to the non-trivial dependence of the DBI 
action on the electric degrees of freedom. 

As mentioned in the introduction the D-4-brane of type IIA is equivalent to the double 
dimensional reduction of the eleven dimensional 5-brane after a vector duality transformation 
is performed in the hve-dimensional world-volume. The dual theory is then dehned in terms 
of a 2-form. The double dimensional “oxidation” of this theory could shed some light on the 
determination of the action of the eleven dimensional 5-brane [O, I 


21, 30, 31 


There are more results in the literature which would be interesting to formulate in the 
present description. In [Q it is shown that vector duality in the eleven dimensional mem¬ 


brane gives upon dimensional reduction T-duality in the ten dimensional type II superstring. 
Given that both symmetries have well-dehned descriptions in terms of canonical transfor¬ 


mations (see the second of |^|) it could be interesting to show their explicit conexion. 

Finally it could also be interesting to study the role of electric-magnetic duality transfor¬ 
mations in the relation between the p-branes of type IIB and F theories [^ (see for instance 
3B| for some recent results). 
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^^Although the transformation is involutive it is more instructive to start from the D-brane action because 
then all the dualities can be formulated in a more unified way. 
to renormalization effects, as mentioned previously. 
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